Proof.
Notes. We have equality in the lemma if and only if x = π/4, hence we have equality in the theorem if and only if a = b.
In the first figure, the angle in the middle (blue) triangle at the center of the semicircle has measure 2x, hence tan x + cot x = 2 csc(2x), an identity known as Eisenstein's duplication formula [1] .
The lemma and the theorem are actually equivalent: Setting (a, b) = (tan x, cot x) in the theorem yields the lemma.
Summary. We prove wordlessly the arithmetic mean-geometric mean inequality for two positive numbers by an equivalent trigonometric inequality.
